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BOUNDS TO THE INFLUENCE COEFFICIENTS
BY THE ASSUMED STRESS METHODt

PIN TONG and T. H. H. PIAN

Massachusetts Institute of Technology, Cambridge, Massachusetts

Abstract~The direct influence coefficient obtained by the hybrid stress finite element model proposed by Pian
has been proved to be bounded from above from that of the equilibrium model, provided that they have the same
type of stress distribution within each element, and that of the compatible displacement model, provided that
they are the same type of displacement along the interelement boundary.

IN APPLYING the finite element methods in structural mechanics Fraeijs de Veubeke [1J
has shown that the direct influence coefficients are bounded from above by that derived
from the equilibrium model and bounded from below by that derived from the compatible
displacement model. In a previous paper [2J the authors have pointed out that, under
certain restrictions, this is also true for the direct influence coefficients derived by the
assumed stress hybrid method [3,4]. In this note we shall give a detailed derivation of the
bounds of the direct influence coefficients.

Let us consider the deformation of a plate. For simplicity we shall restrict ourselves
to the case of homogeneous boundary conditions only. The three variational functionals
of the plate for the compatible displacement model, the assumed stress hybrid model and
the equilibrium models are, respectively,

m

(1)

where m indicates the mth element, Lm sums over all elements and

I1me = -tf C~p;'6M~pM;'6dA.
Am

(2a)

(2b)

(2c)

t Work described in this paper was sponsored in whole by the Air Force Office of Scientific Research under
Contract F44620-67-C-OOI9.
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In the equations above the summation convention has been used for the repeated Greek
subscripts. Am is the area of an element and (JAm is the boundary of Am' p is the external
load, W is the outplane deflection, M's are the components of the moments, K's and C's
are, respectively, the elastic stiffness constants and the flexibility constants. The admissi­
bility conditions for the functionals in equation (1) are

(a) In ild both wand its first partial derivatives are continuous functions over the
entire domain and satisfy the displacement boundary conditions.

(b) In ilh both wand w,,,, which satisfy the displacement boundary conditions, are
defined along the interelement boundaries only, while M "p are defined within each
element and satisfy the equilibrium equations.

(c) In n e , M"p satisfy the equilibrium equations within each element and across the
interelement boundaries,

We shall first use ilh and ile to establish an upper bound for the direct influence co­
efficient of the assumed stress hybrid method. Since

C,p),()M"pM),o ;?: 0

ilh is a maximum principle with respect to the moment distribution M's, when wand
w,,, along the interelement boundaries are fixed. In particular, if M's for each element are
also in equilibrium with all their neighboring elements, we have

LJ (M",pw,,,,vp-M,,,p,pwv,,)ds = 0
m {lAm

i.e, in this case
I1h = I1 e , (3)

In the construction of the finite element equations [3,4] we have M's expressed in terms
of unknown {3's, wand w,o: expressed in terms of unknown q's, If we write I1h in a matrix
form, namely [3]

(4j
m

(See equation (12) of Ref. [4] or equation (17) of Ref. 2) where Hp , Sand C depend only on
external load, The maximum ofnh with respect to all {3's with fixed q's can be written as

{5j

where
m m

If we choose the similar type of moment distribution for n e by imposing the subsidiary
conditions to {3's such that all the moments are also in equilibrium across the interelement
boundaries, I1e can be written as

(6)
m

By equation (3) and from the fact that nh(q) is the maximum of I1h for all {1's with q's

fixed, we have

(7)
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The finite element solution of the assumed stress hybrid model corresponding to the
minimum, say Il: , of Ilh(q) with respect to all q's, while the finite element solution of the
equilibrium model corresponds to the maximum, say Il: of Ile(P) with respect to all un­
constrained f3's. By equation (7) we still have

(8)

Let F1 be a prescribed generalized force, the direct influence coefficient, C 11 ' may be defined
by the equation

By equation (8) we conclude that

Il: = -1(Cll)hFi

Il: = -1(cll)eFi.
(9)

(10)

We shall now use Ild and Ilh to show that the direct influence coefficient of the assumed
stress hybrid model is bounded from below. In equations (2a) and (2b), if W and w.~ are
the same for both Ilmd and Ilmh on GAm' then

(11)

This is because for any given wand W,a on GAm' Ilmd and Ilmh are the potential energy and
the complementary energy of the element Am. In the construction of the finite element
equations, Ilmd is also expressed in terms of the unknown q's of the displacement

(12)

If the interelement displacements are the same for both Ilmd and Ilmh , according to equa­
tion (11), we have

or

(13)

for all q's. The finite element solution of the displacement model will correspond to the
minimum, say Il; of Ild(q) with respect to all q's. By equation (13) we have

(14)

The direct influence coefficient for Ild associated with the prescribed generalized load F
1

is defined by

(15)

Therefore we have

(C ll )h 2: (cll)d' (16)

Once the bounds for the direct influence coefficient are established, the derivation
of bounds to the cross influence coefficients is a simple algebraic process [5]. Let us con­
sider the case of having two generalized prescribed loads F1 and F2 ,

Ilr = -[i(Cll)iFi+(cdiFlF2+1(C22)iF~]



1432

where i = d, hand e. We have

and

then
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(C11)d S (c i dh S (cl de

(c22)d S (C 22 )h S (e22)e

(17)
1(c12)h-(eddl z JWe l de-(el dd][(e 22 )e-(c22)d])

l(c dh - (e 12>e1 z J We I de - (c II )d] [(c22)e - (C22)d]}'

In conclusion, we have shown in equations (10) and (16) that the direct influence
coefficient of the assumed stress hybrid model is bounded from above by that of the
equilibrium model, provided they have the same type of stress distribution within each
element, and is bounded from below by that of the displacement model, provided they
have the same type of displacement along the interelement boundaries. These are clearly
demonstrated in Fig. 3 of Ref. [2]. The variational principle IIhused for the assumed stress
hybrid model is neither a maximum nor a minimum principle. In equations (4) and (5),
since H is positive definite, the value of IImh(q) will tend to increase if we increase the
number of {3's, while keeping the number of q's fixed. This, in turn, increases the value of
IImh(q) [or decreases the value of (cllh]' In equation (5), k is positive semi-definite, the
value of IImh(q) will tend to decrease if we increase the number of q's. So it has the effect
of increasing (c Ilh. These are demonstrated in Fig. 5 of Ref. [2].
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A6cTpaKT-tJ,OKa3bIBaeTcll, 'ITO HenocpeACTBeHHbIli K03QJqIJU.\HeHT BllHlIHHlI, nOllY'leHHblH H3 MOAenH

CMewaHHoro KOHe'lHoro 3lleMeHTa Allll HanplllKeHHH, npeAllOlKeHHoro Ot(aHOM, lIBlllleTClI OrpaHH'IeHHblM

CBepxy OT TaKoro lKe Allll MOAellH paBHOBeCHlI, eCllH TOJIbKO OHH HMelOT TaKoli lKe caMbIA THn pacnpe­

AeJIeHHlI HanplllKeHHH BHyTpH KalKAoro 3JIeMeHTa. 3TOT KoeQJQJHt(HeHT OrpaHH'IeH TaKlKe OT TaKoro lKe

AJIa. MOAeJIH COBMecTHoro nepeMeweHHlI, eCJIH OHH 06llaAalOT TaKHM lKe caMbIM THnOM JIepeMcweHIIH

BAOJIb rpaHHt(bI MelKAY 3JIeMCHTaMH.


