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BOUNDS TO THE INFLUENCE COEFFICIENTS
BY THE ASSUMED STRESS METHODt

PN Tong and T. H. H. PiaN

Massachusetts Institute of Technology, Cambridge, Massachusetts

Abstract—The direct influence coefficient obtained by the hybrid stress finite element model proposed by Pian
has been proved to be bounded from above from that of the equilibrium model, provided that they have the same
type of stress distribution within each element, and that of the compatible displacement model, provided that
they are the same type of displacement along the interelement boundary.

IN APPLYING the finite element methods in structural mechanics Fraeijs de Veubeke [1]
has shown that the direct influence coefficients are bounded from above by that derived
from the equilibrium model and bounded from below by that derived from the compatible
displacement model. In a previous paper [2] the authors have pointed out that, under
certain restrictions, this is also true for the direct influence coefficients derived by the
assumed stress hybrid method [3, 4]. In this note we shall give a detailed derivation of the
bounds of the direct influence coefficients.

Let us consider the deformation of a plate. For simplicity we shall restrict ourselves
1o the case of homogeneous boundary conditions only. The three variational functionals
of the plate for the compatible displacement model, the assumed stress hybrid model and
the equilibrium models are, respectively,

I, = z ] -
Hh = Z nmh
I, =} M, (1)

where m indicates the mth element, X, sums over all elements and

Maa =4 [ Kapawagwawda= [ pwaa (2a)
Am m
I, = f (M, apW aVp — Mg gv,w) ds _117 Cop:6M apM 2 d4 (2b)
Am Am
Mpe = —3 CoproMgM 35 dA. (20
Am
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In the equations above the summation convention has been used for the repeated Greek
subscripts. A4, is the area of an element and 04,, is the boundary of 4,,, p is the external
load, w is the outplane deflection, M’s are the components of the moments, K’s and C's
are, respectively, the elastic stiffness constants and the flexibility constants. The admissi-
bility conditions for the functionals in equation (1) are

(a) In I1, both w and its first partial derivatives are continuous functions over the
entire domain and satisfy the displacement boundary conditions.

(b) In I1, both w and w_, which satisfy the displacement boundary conditions, are
defined along the interelement boundaries only, while M, are defined within each
element and satisfy the equilibrium equations.

(¢} In I, M,; satisfy the equilibrium equations within each element and across the
interelement boundaries.

We shall first use I, and T1, to establish an upper bound for the direct influence co-
efficient of the assumed stress hybrid method. Since

CoproMopM ;5 2 0

I, is a maximum principle with respect to the moment distribution M’s, when w and
w, along the interelement boundaries are fixed. In particular, if M’s for each element are
also in equilibrium with all their neighboring elements, we have

Y (MW vg— My pwy,)ds = 0
m ¥ A
1.e. in this case

m, = 11,. (3)

In the construction of the finite element equations [3, 4] we have M’s expressed in terms
of unknown f’s, w and w, expressed in terms of unknown ¢’s. If we write IT, in a matrix
form, namely [3]

M, =Y (B"Gq—3p"Hp —™H,+¢"S+C). {4)

{See equation (12) of Ref. [4] or equation (17) of Ref. 2) where H,,, S and C depend only on
external load. The maximum of TT, with respect to all #’s with fixed ¢’s can be written as

M) = ¥ @) = Y 3a'kqg—q" Q+C) (5)
where
k=G'H 'G.

If we choose the similar type of moment distribution for I, by imposing the subsidiary
conditions to s such that all the moments are also in equilibrium across the interelement
boundartes, I, can be written as

() = — ¥ Gp"HB+p"H,) (6)

By equation (3) and from the fact that I1,(q) is the maximum of 11, for all f’s with ¢’s
fixed, we have

I,(q) = [1(B). 7
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The finite element solution of the assumed stress hybrid model corresponding to the
minimum, say IT¥, of I1,(q) with respect to all g’s, while the finite element solution of the
equilibrium model corresponds to the maximum, say IT} of I1,(B) with respect to all un-
constrained f’s. By equation (7) we still have

I} > Mm* (8)

Let F, be a prescribed generalized force, the direct influence coefficient, ¢, ; , may be defined
by the equation

IT} “%(011)th ©)
I} = _—%(Cll)eF%'

By equation (8) we conclude that
(c11)e = (i (10)

We shall now use I, and IT, to show that the direct influence coefficient of the assumed
stress hybrid model is bounded from below. In equations (2a) and (2b), if w and w, are
the same for both I1,,, and I1,,, on d4,,, then

Mg = e (11)
This is because for any given w and w, on dA4,,, I1,,; and I1,, are the potential energy and

the complementary energy of the element A,,. In the construction of the finite element
equations, I1,,, is also expressed in terms of the unknown ¢’s of the displacement

.49 = 19"k q—q"S,. (12)

If the interelement displacements are the same for both I1,,, and I1,,,, according to equa-
tion (11), we have

Hmd(q) = Hmh(q)
or

nd(‘l)l:= Z Hmd(‘l)] 2 Hh(‘l)[-_- Z Hmh(q):l (13)

for all ¢’s. The finite element solution of the displacement model will correspond to the
minimum, say IT} of T1,(g) with respect to all g’s. By equation (13) we have

I} > II3. (14)
The direct influence coefficient for I1, associated with the prescribed generalized load F,
is defined by
I} = —3(c1).F1 (15)
Therefore we have
(cyidn = (€19)a- (16)

Once the bounds for the direct influence coefficient are established, the derivation
of bounds to the cross influence coefficients is a simple algebraic process [5]. Let us con-
sider the case of having two generalized prescribed loads F, and F,,

I} = —[3c1 1 hF 1+ (c;2)iF1 Fa +3c32)iF3]
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where | = d, h and e. We have
ey < (ephn < (cq)e
(€22)0 S (Cax)n < (033),
and
¥ > I1f > I1}

then

v

[(ci2)p—(ci2)d = iller1)e—(cr)adl(€22). —{€22)a]}
l(ci2)n—1ci2)el = \/{[(Cl1)e—(011)4][((’22)e_(czz)d]}-

In conclusion, we have shown in equations (10) and (16) that the direct influence
coeflicient of the assumed stress hybrid model is bounded from above by that of the
equilibrium model, provided they have the same type of stress distribution within each
element, and is bounded from below by that of the displacement model, provided they
have the same type of displacement along the interelement boundaries. These are clearly
demonstrated in Fig. 3 of Ref. [2]. The variational principle I1, used for the assumed stress
hybrid model is neither a maximum nor a minimum principle. In equations (4) and (5),
since H is positive definite, the value of IT,,(q) will tend to increase if we increase the
number of §’s, while keeping the number of q’s fixed. This, in turn, increases the value of
I1,.,(q) [or decreases the value of (¢,,),]. In equation (5), k is positive semi-definite, the
value of I1,(q) will tend to decrease if we increase the number of g’s. So it has the effect
of increasing (c,),- These are demonstrated in Fig. 5 of Ref. [2].

(17
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AbcTpakT—/loKa3biBaeTcsl, YTO HEMOCPENCTBEHHBIA KO3(PMUUMEHT BAMAHMS, MOJIYHCHHBIR W3 MOICIM
CMELIAHHOrO KOHEYHOTO 3JIEMEHTA IJIS HATMPSKeHuHd, TpeutoxkeHHoro ITuaHom, SBASETCA OrpaHWYEHHBIM
CBEPXY OT TaKOTo e /sl MOAE/IM PABHOBECHS, ECTIH TOJIBKO OHH MMEIOT TAaKOW e caMblil Tull pacmpe-
NEJIeHHs HANPSKEHHH BHYTPHM KaXJOTO 31eMeHTa. 3TOT Koe(@dHLMEHT OrpaHuyeH Takke OT TAKOTO XKe
[UI2. MOZIENIH COBMECTHOTO MEPEMELLEHMsA, eClii OHH OONafaloT TakMM XXe CaMblM THIIOM JIGPEMCILCHHU
BIONL TPAHMLB] MEXIY 3JIEMEHTAMM.



